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1. Introduction

A partial differential equation (PDE) is an equation whose ‘unknown’ is a function u,
and in which (partial) derivatives of that function appear. This is similar to an ordinary
differential equation (ODE) but the difference is that the unknown function

u : Rd → R (or C)

depends on more than one variable, d ≥ 2, and derivatives in different directions play
a role. Such equations, or systems of equations, arise in many contexts mathematics
and applications in physics, engineering, and the sciences – such as electrodynamics,
quantum mechanics, dynamics of weather and climate, and the description of materials.

1.1. Examples
1. The heat equation

∂tu(t, x) = ∆xu(t, x) (1.1)

describes diffusion of heat in a (homogeneous, isotropic) medium.

2. Schrödinger’s equation

i∂tψ(t, x) = −∆xψ(t, x) + V (x)ψ(t, x) (1.2)

describes the wave-function of a quantum particle in an external potential V .

3. The Poisson equation
∆u(x) = ρ(x) (1.3)

gives the electric potential generated by the (static) charge distribution ρ. Maxwell’s
equations give a more complete description of electrodynamics.

4. The Euler equation{
∂tv(t, x) + v(t, x) ·Dxv(t, x) + gradx p(t, x) = 0

divx v(t, x) = 0
(1.4)

describes the velocity field v : Rd → Rd and pressure p : Rd → R of an incompress-
ible, inviscid fluid. Similar systems, like the Navier-Stokes equations, are used to
model the dynamics of fluids and gases with different properties, e.g. water waves
or atmospheric currents.
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1.1. Examples

5. The Cauchy-Riemann equations{
∂xu(x, y) − ∂yv(x, y) = 0
∂yu(x, y) + ∂xv(x, y) = 0

(1.5)

are satisfied by the real and imaginary part of every holomorphic function f =
u+ iv : C ∼= R2 → C.

Let α ∈ Nd
0 be a ‘multi-index’ and set

∂α := ∂|α|

∂α1
x1 · · · ∂αd

xd

, (1.6)

where |α| = ∑d
j=1 αj . That is, αj is the number of partial derivatives in direction j and

|α| is the total number of derivatives. Since for u ∈ Ck(U,Cn) the partial derivatives
can be taken in any order, we can thus express the tensor Dku by

(Dku)j1,...,jk
= ∂ku

∂xjk
· · · ∂xj1

= ∂αu (1.7)

where αi is the number of partial derivatives taken in the i-th direction, and |α| = k.
Note that we have the generalised Leibniz rule

∂α(fg) =
∑
β≤α

(
α
β

)
(∂βf)(∂α−βg), (1.8)

where β ≤ α if β ≤ α if βj ≤ αj for all j = 1, . . . , d, and the binomial coefficients are
generalised as (

α
β

)
=

d∏
j=1

(
αj

βj

)
. (1.9)

Definition 1.1 (Linear PDE). A PDE is called (inhomogneous) linear PDE of order k
if it has the form ∑

|α|≤k

aα(x)∂αu = f(x), (1.10)

where aα : Rd → Cn×n, for |α| ≤ k, and f : Rd → Cn. The functions aα are called the
coefficients, and the PDE is called homogeneous if f = 0.

Question 1.2. Which of the examples in Sect. 1.1 are linear (in-) homogeneous PDEs?
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2. Linear PDEs with constant coefficients
and the Fourier transform

A particularly simple case of linear differential equations are those with constant coeffi-
cients, where the functions aα(x) ≡ aα are independent of x. These can be transformed
into simpler equations by the Fourier transform.

For f ∈ L1(Rd), the Fourier transform is defined by

f̂(p) = (Ff)(p) = 1
(2π)d/2

∫
Rd

e−ip·xf(x)dx. (2.1)

Formally, we have with pα = ∏d
j=1 p

αj

j

pαf̂(p) = 1
(2π)d/2

∫
Rd
pαe−ip·xf(x)dx

= 1
(2π)d/2

∫
Rd

(−i)−|α|(∂α
x e−ip·x)f(x)dx

!= 1
(2π)d/2

∫
Rd

(i)|α|(−1)|α|e−ip·x∂α
x f(x)dx

= (−i)|α|∂̂α
x f(p),

but the integration by parts (without boundary terms!) in the penultimate step certainly
needs justification.

If we accept this identity, the linear PDE of Def. 1.1 becomes after transformation( ∑
|α|≤k

aα(ip)α
)
û(p) = f̂(p). (2.2)

Any solution then satisfies, formally,

û(p) !=
( ∑

|α|≤k

aα(ip)α
)−1

f̂(p).

To recover the solution u, however, we will need to invert the Fourier transform.

2.1. Basic properties
A few important properties of the Fourier transform of f ∈ L1(Rd) follow immediately
from the definition.

4



2.2. The Schwartz space S

Proposition 2.1. Let f ∈ L1(Rd), denote by f̂ its Fourier transform (2.1) and denote
by Rf(x) = f(−x) the reflection at x = 0 and Taf(x) = f(x− a) the translation. Then

a) T̂af = e−iapf̂

b) Taf̂ = êiaxf

c) Rf̂ = R̂f

d) f̂ = Rf̂

e) If f is real and even (Rf = f) then f̂ is also real and even.

Proof. Properties a)–d) follow from simple changes of variables (exercise). Property e)
follows by combining c) and d).

The Dominated Convergence Theorem A.9 also yields that f̂ is continuous.

Lemma 2.2. Let f ∈ L1(Rd) and f̂ its Fourier transform (2.1), then f̂ is continuous.

Proof. Let pn → p be a convergent sequence. Then since |e−ipnxf(x)| ≤ |f(x)| ∈ L1(Rd)

lim
n→∞

f̂(pn) = lim
n→∞

1
(2π)d/2

∫
e−ipnxf(x)dx = 1

(2π)d/2

∫
lim

n→∞
e−ipnxf(x)dx = f̂(p)

(2.3)
by Dominated Convergence A.9, which proves the claim.

2.2. The Schwartz space S

In order to make the formal calculations from the introduction rigorous and derive
consequences for the solutions to the PDE, we start by introducing a class of functions
on which the calculations can easily be justified. We will later expand beyond this class
by approximation arguments.

A good framework to consider identities such as (2.2) is the space of Schwartz func-
tions, where we can

• differentiate

• multiply by polynomials

• define the Fourier transform and its inverse.

Definition 2.3. The Schwartz space is

S (Rd) :=
{
f ∈ C∞(Rd)

∣∣∣∀α, β ∈ Nd
0 : sup

x∈Rd

|xα∂β
xf(x)| < ∞

}
. (2.4)

A sequence fn, n ∈ N in S converges to f ∈ S iff

∀α, β ∈ Nd
0 : lim

n→∞
∥fn − f∥α,β = 0, (2.5)
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2. Linear PDEs with constant coefficients and the Fourier transform

where
∥f∥α,β := sup

x∈Rd

|xα∂β
xf(x)|. (2.6)

A map T : S (Rd) → X into a metric space X is continuous iff T is sequentially
continuous, that is, if for every sequence fn converging to f ∈ S (Rd)

lim
n→∞

Tfn = Tf (2.7)

converges in X.

Question 2.4. Which of the following functions are elements of S (R)?

1. x 7→ cos(x),

2. x 7→ cosh(x)−1 = 2(ex + e−x)−1,

3. x 7→ e−|x|,

4. x 7→ e−x2 .

Remark 2.5. The space S is a complete metric space with the distance

d(f, g) =
∑

n∈N0

2−n max
|α|+|β|=n

∥f − g∥α,β

1 + ∥f − g∥α,β
. (2.8)

The notion of convergence defined above is the same as the convergence in the metric d.

Remark 2.6. Functions in S are smooth by definition, and decrease faster than any
inverse polynomial. Hence S ⊂ L∞ with ∥f∥∞ = ∥f∥0,0, and S ⊂ Lp for any 1 ≤ p <
∞, as by the multinomial formula

|f(x)| ≤ (1 + x2d)−1 sup
y∈Rd

|(1 + y2d)f(y)|

≤ (1 + x2d)−1 sup
y∈Rd

∣∣∣(1 +
∑

|α|=d

d!
α!y

2α
)
f(y)

∣∣∣
≤ (1 + x2d)−1(∥f∥0,0 +

∑
|α|=d

d!
α!∥f∥2α,0),

and ∫
(1 + x2d)−1 < ∞ (2.9)

for p ≥ 1.

For f, g ∈ S (Rd) we define the convolution by

(f ∗ g)(x) :=
∫
f(x− y)g(y)dy. (2.10)
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2.2. The Schwartz space S

Lemma 2.7. Let f, g ∈ S (Rd) with
∫
g = 1 and set gn(x) = ndg(nx), then

lim
n→∞

(f ∗ gn)(x) = f(x).

Proof. By a change of variable∫
f(x− y)ndg(ny)dy =

∫
f(x− n−1y)g(y)dy. (2.11)

Now the integrand converges pointwise to f(x)g(y) and is bounded by ∥f∥∞|g(y)| ∈ L1,
so the integral converges to f(x)

∫
g = f(x) by Dominated Convergence.

With this Lemma, we can prove the Fourier inversion theorem on S .

Proposition 2.8. Define

(F −1f)(x) := 1
(2π)d/2

∫
eipxf(p)dp.

Then for all f ∈ S (Rd),
f = F −1Ff = FF −1f.

Proof. We admit that f̂ ∈ S , which is proved in Proposition ?? below. Let g(x) = e−x2/2

and gn(x) = g(n−1x). Then

(F −1f̂(x) = lim
n→∞

1
(2π)d/2

∫
eipxgn(p)f(p)dp (2.12)

by Dominated Convergence. On the other hand, by Fubini,

1
(2π)d/2

∫
eipxgn(p)f̂(p)dp = 1

(2π)d

∫
eipxe−ipygn(p)f(y)dydp = (ĝn ∗ f)(x)

(2π)d/2 . (2.13)

Now ĝn(x) = nde−n2x2/2 (see Problem ??), so by the preceding lemma

lim
n→∞

(ĝn ∗ f)(x) = f(x)
∫
g = (2π)d/2f(x), (2.14)

and thus (F −1f̂)(x) = f(x). The proof for F (F −1f)(x) = f(x) is the same.
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A. Appendix

A.1. The Lebesgue integral

This section summarizes those results from the theory of integration that are most
important for the course, see [Ru] for an introduction and [LL] for more details.

Let B(Rd) be the Borel σ-algebra on Rd. That is, the smallest collection of subsets
B ⊂ Rd that contains all open sets and is closed under complements, finite intersections
and countable unions. Elements of B are called measurable sets.

Definition A.1. A measure is a function

µ : B(Rd) → R+ ∪ {∞}

with the properties

µ(∅) = 0

µ
( ∞⋃

j=1
Bj

)
=

∞∑
j=1

µ(Bj)

for any family of disjoint sets (Bj)j∈N.
The Lebesgue measure λ is the unique measure that is invariant by translation and

satisfies λ([0, 1]d) = 1.

Definition A.2. A function f : Rd → C is called measureable if for every B ∈ B(C) ∼=
B(R2)

f−1(B) = {x ∈ Rd : f(x) ∈ B}

is measurable, i.e., an element of B(Rd).

The characteristic function χB of any set B ∈ B(Rd) is measurable. Its integral is
defined as ∫

χB(x)λ(dx) = λ(B). (A.1)

A simple function is a linear combination of characteristic functions. Any measurable
function is the pointwise limit of simple functions,

f(x) = lim
n→∞

n∑
j=1

aj,nχBj,n(x). (A.2)
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A.1. The Lebesgue integral

Moreover, if f is non-negative, the simple functions can be chosen so that the value in
each point is increasing in n. For a non-negative function one thus defines∫

f(x)λ(dx) := lim
n→∞

n∑
j=1

aj,nλ(Bj,n) ∈ R+ ∪ {∞}. (A.3)

Since the right hand side is an increasing sequence of numbers that are positive or +∞,
this is well defined but possibly infinite.

Definition A.3. A positive measurable function f : Rd → R+ is called integrable
if (A.3) is finite.

A measurable function f : Rd → C is called integrable if |f | is integrable.

If f : Rd → C is integrable, then∫
f(x)dx =

∫
f(x)λ(dx) = lim

n→∞

n∑
j=1

aj,nλ(Bj,n) (A.4)

is a well-defined complex number.
If A ∈ B(Rd) is a measurable set we define∫

A
f(x)dx =

∫
χA(x)f(x)dx, (A.5)

where χA is the characteristic function. We say that f is integrable on A if fχA is
integrable.

If f is Riemann-integrable then f is Lebesgue-integrable and the integrals are equal [Ru,
Thm.11.33].

Definition A.4 (Lebesgue spaces). Let 1 ≤ p < ∞

L p(Rd) := {f : Rd → C : |f |p is integrable}.

The Lebesgue space Lp(Rd) is the quotient of L p(Rd) under the equivalence relation

f ∼ g :⇔ λ
(
{x : f(x) ̸= g(x)}

)
= 0

of equality almost everywhere. It is a Banach space with the norm

∥f∥p =
(∫

|f |p(x)dx
)1/p

,

where f is any representative in the equivalence class.
For p = ∞ we define L p(Rd) as the space of measureable functions for which

∥f∥∞ = ess−sup|f | := inf
{
t ∈ R : λ

(
f−1(t,∞)

)
= 0

}
(A.6)

is finite. The Lebesgue space Lp(Rd) is the quotient of L p(Rd) by the same equivalence
relation.
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A. Appendix

Proposition A.5 (Hölder’s inequality). Let 1 ≤ p, q ≤ ∞ so that p−1 + q−1 = 1, with
the convention that ∞−1 = 0. Then for f ∈ Lp(Rd), g ∈ Lq(Rd) we have fg ∈ L1(Rd)
and ∣∣∣∣ ∫ f(x)g(x)dx

∣∣∣∣ ≤ ∥f∥p∥g∥q. (A.7)

For d > 1 an important result concerns the relation of the d-dimensional integral and
the iteration of lower-dimensional integrals.

Theorem A.6. Fubini-Tonelli Let n,m ≥ 1, f : Rn × Rm → R+ be a measurable
function and A ∈ B(Rn+m).

a) If f ≥ 0, then∫
A

f(x, y)λ(d(x, y)) =
∫

π1(A)

( ∫
π−1

1 ({x})∩A

f(x, y)dy
)

dx =
∫

π2(A)

( ∫
π−1

2 ({y})∩A

f(x, y)dx
)

dy

where πj(A), j = 1, 2 are the projections of A to Rn, Rm respectively, and the equality
is understood in the sense that if one expression is infinite, all are.

b) If f is integrable on A, then
a) The functions

x 7→ f(x, y), y 7→ f(x, y)

are integrable on π−1
2 ({y})∩A for almost every y ∈ Rm, respectively on π−1

1 ({x})∩
A for almost every x ∈ Rn;

b) the functions (set equal to zero where the integral is not defined)

φ(y) =
∫

π−1
2 ({y})∩A

f(x, y)dx, ψ(x) =
∫

π−1
1 ({x})∩A

f(x, y)dy

are integrable;
c) the identity ∫

π2(A)

φ(y)dy =
∫
A

f(x, y)dy =
∫

π1(A)

ψ(x)dx

holds.

The well-known transformation formula holds for the Lebesgue integral.

Theorem A.7 (Change of variables). Let A ∈ B(Rd), let φ : Rd → Rd be a C1-
diffeomorphism, and denote by |J(x)| := | detDφ(x)|. Then if f is integrable on A,
x 7→ f(φ(x))|J(x)| is integrable on φ−1(A) and∫

A

f(x)dx =
∫

φ−1(A)

f(φ(x))|J(x)|dx.
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A.1. The Lebesgue integral

The most important properties of the Lebesgue integral are the convergence theorems.

Theorem A.8 (Monotone Convergence). Let (fn)n ∈ N be a sequence of measurable
functions with fn ≤ fn+1 and

lim
n→∞

fn(x) = f(x)

almost everywhere for some function f : Rd → C. Then f is measureable and

lim
n→∞

∫
fn(x)dx =

∫
f(x)dx.

Theorem A.9 (Dominated Convergence). Let (fn)n∈N be a sequence of integrable func-
tions and assume there is a measurable function f so that

lim
n→∞

fn(x) = f(x)

almost everywhere. Assume moreover that there exists a positive, integrable function g
so that

∀n ∈ N : |fn| ≤ g

almost everywhere. Then f is integrable and

lim
n→∞

∫
fn(x)dx =

∫
f(x)dx.

An important corollary to this result concerns the exchange of integration and differ-
entiation.

Corollary A.10. Let U ⊂ Rk be open and f : U × Rd → C a measurable function such
that

1. for all η ∈ U , x 7→ f(η, x) is integrable,

2. for almost all x ∈ Rd, η 7→ f(η, x) is continuously differentiable,

3. there exists a positive, integrable function g : Rd → R+ with

∀η ∈ U :
∣∣∇ηf(η, x)

∣∣ ≤ g(x).

Then η 7→
∫
f(η, x)dx is continuously differentiable and for all j = 1, . . . , k

∂ηj

∫
f(η, x)dx =

∫
∂ηjf(η, x)dx.
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B. Notation

Symbol Explanation Page

N Natural numbers (not including zero!)
N0 N ∪ {0}
D Differential of a vector-valued function
grad Gradient of a scalar function, grad f = Df

div Divergence of a vector field, div v = Tr(Dv)
B(x, r) Open ball of radius r around x

S (Rd) Space of Schwartz functions on Rd 5
S ′(Rd) Space of tempered distributions on Rd ??
Lp(Rd) Lebesgue space of p-integrable functions 9
Hk(Rd) Sobolev space of functions in L2(Rd) with k weak derivatives in L2 ??
X Usually a complex Banach space
B(X,Y ) Banach space of bounded linear operators from X to Y
B(X) Banach space of bounded linear operators from X to X
X ′ Space of continuous linear functionals on X (=B(X,C)) ??
H Complex (separable) Hilbert space
A,D(A) Densely defined linear operator ??
G (A) Graph of A ??
A Closure of (A,D(A)) ??
∥·∥D(A) Graph norm on D(A) ??
A∗ (Hilbert) adjoint of (A,D(A)) ??
ker(A) Kernel of A
ran(A) Range of A
ρ(A) Resolvent set of A ??
Rz(A) Resolvent of A in z ∈ ρ(A), (A− z)−1 ??
σ(A) Spectrum of A ??
Ck(U) Space of k-times continuously differentiable functions U → C
Ck

0 (U) Space of k-times continuously differentiable functions U → C with
compact support, supp f ⋐ U
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