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Exercise 1.1 (Spectrum of bounded operator)

Let H be a Hilbert space and A € B(H).
1. Show that, if [|Al|gz) < 1 is bounded, then 1 + A is invertible.

2. Show that o(A) is compact.

Homework (hand in on 02.04.2025).

Exercise 1.2 (The Lax-Milgram Theorem)
Let H be a Hilbert space and

a:HxH—->C
a sesquilinear form. Asssume that

e « is bounded: there exists C' > 0 so that for all f,g € H
la(f,9)] < ClIflllgll;
e « is coercive: there exists a > 0 so that for all f € H
a(f, f) = all f]I*.

Prove that:
1. There exists A € B(H) so that a(f,g) = (Af, g);
2. A is bijective with bounded inverse satisfying [|A7!|| < a™!;
3. g = A~1f is the unique minimiser of

g — alg,g) — 2Re(f, g).

Exercise 1.3
Let V € L*°(R% R) be non-negative.

1. Prove that for every f € L?(R?) and A > 0 there exists a unique u €
H!(R%) such that

Vo € H'(RY) : (Vu, Vo) + ((V + Nu,9) = (f, ),
that is, there is a unique weak solution to the equation

—Au+Vu+du=f.

2. Prove that the weak solution u € H*(R?) obtained in part 1) is an element
of H?(RY).



