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Exercise 1.1 (Slowly decaying function)

We define the set
ZR?) = {f :R? - C measurable |JaeN, ()f € LY(RY)},
where (-) := (1+]-|2)2. Sow that any element of Z(R?) is a regular distribution.

Exercise 1.2 (Leibniz rule in .%)
Leta € N4, T € ' (R%) and f € .#(R?). Show that 0%(fT) = > p<a (g)@ﬁfBB’O‘T.
(Hint: begin the induction by the case || = 1.)

Exercise 1.3 (Classical distribution )

Show that the following maps are distributions

1. (Dirac distribution) For a € R?, §, : f € Z(R?) — f(a).

Exercise 1.4 (Operation with distributions)

Derivative
1. Show that (1g, )" = dp in .7"(R).
2. Show that (sgn)’ = 2dp in .'(R).

Multiplication
1. Let T € /(R%) and f be polynomial function. Show that fT € .7/(R%).

Convolution

1. Compute d, x f, with @ € R? and f € .7 (R?).

Fourier transform
1. Compute .7 (J,) with a € R?.

2. Show that (1) = (27)%4y in .7/ (R%).

Convergence

L. Show that lim;_,¢+ hy = dg in .7/ (R?) for the heat kernel hy(y) :== —L—7e~ 4.
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Homework (hand in on 05.03.2025).

Exercise 1.5 (Principal value)

1. (Principal value of 1/x) Show that vp(1) : f € .Z(R) > lim,_,o+ fR\[_E . 1) gy

is a tempered distribution.
2. Show that log(| - |) € . (R) and that (log(|z|))’ = vp(1) in 7' (R).
3. Show that zvp(1) =1 in .%/(R).

4. Show that .# (vp(1)) = iv2r 1, in #/(R). (Hint: use that zvp(1) =1,

F(aT) = —i F(T) and (1g,)' = &)

Exercise 1.6 (Wigner measure)

We define the Wigner transform at scale h > 0 of a function f € L?(R?) by the
following formula

Y(z, &) e REx RY,  Whif](x,&) := (2;)61 /Rd evef (x - ;Ly) f (x + Zy) dy.

Part 1 (Wigner transform)
Let f € L?>(R%) and h > 0.

1. Show that for any (z,¢) € R? x R?, we have

W = e [ e )T (e 2)

2. Show that W"([f] € L>°(R?¢) and that

1 2d
W [f1ll Lo m2a) < ﬁ”fH%Q(Rd)'

3. Show that )
||Wh[f]||L2(R2d) = WII}”H%QW)
4. Show that
h _ 2 h R S £ W
[ W= @ wma [ Wi o= L7 (5)

5. Deduce that
W f(x, §)déda = || £1172 ga-

R2d
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Part 2 (Wigner distribution)

1. Let f € L*(R%) and h > 0. Show that the map a € .7 (R*®) — [o., a(z, W' [f](z,§)dédx
defines a tempered distribution on R?¢. In the following we denote
also by W"[f] this distribution.

Part 3 (Wigner measure)

Let (fn)n>o be a bounded family of L2(R2?). We say that (fx)n>o admits a
Wigner measure T, if T € .#'(R??) and if for any sequence of positive real
numbers (hy,),en converging to 0, Whn[f,, ] converges to T in &’ (R2??).

1. Let ¢ € Cy(R?). For any a € .7 (R??), we define T} (a) := ﬁ Jra alz,0)i(z)d.
Show that T, € .%/(R??).

ke R and f € Co(RY).
kT Show that Tig2 is

2. (Wigner measure of traveling wave) Let « €]0, 1
For any h > 0 and x € RY, we set fy,(z) := f(z)
a Wigner measure of (f)n>0-

B

3. (Wigner measure of Coherent states) Let us define the

1 le—zgl? i
\Ilg"’wo(x) = em B ento T,

(rh)*

(a) Show that

1 lz—azq|2+]6—£g|2
e 2 .

wh [‘11207%](3:7 §) = (Wh)N

(b) Show that &4, ¢,) is a Wigner measure of (\I/i"’mo)bo.

Part 4 (From the Schrodinger equation to the transport equation)
1. Let h > 0 and f € C®(R x RY) N CY(R;.7(R?)) be a solution of the
Schrédinger equation

8tf—giAf:0 in R x RY.

We admit that Wh[f(t, )] € #(R??) for any ¢ € R. Show that, for any
¢ € R, the function p: (t,2) € R x R — Wh[f(t,")](x, &) is a solution of
the transport equation

dp+E-Vp=0 in R x R



